T-79.5101 Spring 2008
Advanced Course in Computational Logic

Exercise Session 4

Solutions

1. One possible counterexample is the model M = (S, R, v), where S =
{s}, R={(s,s)}, and v(s, P) = false.

-P
S

@)

M E OP — OP holds (since M, s ¥ OP), and M, s |k O-P holds
since (s, s) € R, M, s |- =P and s has no other successors. Furthermo-
re, M, s |k OO=-P holds. On the other hand, M, s ¥ OP (and s has
no other successor), and hence M, s - GOP does not holds. Thus M
is a counterexample.

(Notice that counterexamples are not unique in general: here other pos-
sibilities for counterexamples are, for examples, M’ = (S’, R',v'), where
S'={s,t'}, R = {(s,t),(t',s)} and v(s', P) = v(t/, P) = false, and
M// — <‘SV//7 R//./ ,U//>7 S// — {5//,t//7 u//}7 R// — {(S//7tl/>, <t//7 u//>7 <'U///7t//>}
and v"(s", P) = v"(t", P) = true, v"(u”, P) = false, considering the
worlds s' and s”, respectively.)

2. M = (S,R,v), where S = {s,t}, R = {(s,s),(s,t),{t,s)}, v(s, P) =
true and v(s, Q) = v(t, P) = v(t, Q) = false.
—P,
Svt
P,=Q
M, slF OPVOQ and M, t IF OPVOQ hold (since M, s |k P, (s,s) € R
and (¢, s) € R), and M, s - =OP holds, since (s, t) € R and M,t ¥ P.

However, M, s ¥ ©Q, since M, ' ¥ Q for all s’ € S for which (s, s') €
R. Thus M is a counterexample.

3. Assume that
SU{P} LT = Q.

Then there is a model M = (S, R, v) such that

M ESU{P}

4.

5.

and
dseS: VYoeT: M,slkg, but M,slk Q.

Especially, M, tIF P for all ¢t € S, and hence
M,sl-F PAOPAOOP ADBOOP.
Since additionally M }= ¥ holds we have

YL Y= PAOPAOOPADOOP — Q.

a) Assume that the frame F = (S, R) is transitive and that the
formula OP — OOP is not valid in the frame. Then there is a
model M = (S, R,v) (based on F) and a world s € S such that
M, s ¥ OP — O0OP. Now, M, s | OP but on the other hand
M, s ¥ O0OP. From the latter it follows that there is a world
t € S for which (s,t) € R and M, ¢ ¥ OP. Furthermore, there
is a world w € S for which (t,u) € R and M,u ¥ P. Since
(s,ty € R and (t,u) € R by transitivity of F we have (s,u) € R.
Since (s,u) € R and M, ul¥ P, we have M, s ¥ OP, which is in
contradiction with the assumption that M, s IF OP holds. Thus
the formula OP — OOP is valid in F.

b) Assume that the frame F = (S, R) is euclidean. Take an arbitrary
model M = (S, R,v) based on F and an arbitrary world s €
S for which M, s IF =OP holds. Then M,s ¥ OP, and hence
there is a world ¢ € S such that (s,t) € R and M, ¢t ¥ P. Assume
(s,u) € R. Since (s,t) € R and the frame is euclidean, we have
(u,t) € R. Hence M,u ¥ OP and M,u |- =OP. Since u is an
arbitrary successor of s, we have M, s |F O-0OP, and hence

M, sl--0P — O-0P.

Thus -OP — O-0P is valid in M, and -0OP — O-0P is valid
in F (since M was chosen arbitrarily).

Assume that F = (S, R) is reflexive and euclidean. If sRt, by reflexivity
we have sRs. Since the frame is also euclidean, we have tRs, and thus
the frame is symmetric.

Now assume sRt and tRu. By symmetricity we have tRs. Since the
frame is also euclidean, we also have s Ru. Thus the frame is transitive.
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Axiom K:

K: O(P — Q) — (0P — 0Q)

Inference rules:

MP: w

orP

1. a) Assume that the frame F = (S, R) is serial and that the formula

OP — ©P is not valid under F. Then there is a model M =
(S, R,v) based on F and a world s € S such that M, s ¥ OP —
&P holds. Hence, M, s IF OP and M,s ¥ OP. From M, s ¥
OP it follows that there is no world ¢t € S such that (s,t) € R
and M, t IF P. Furthermore, F is serial by assumption, and thus
there is a world ¢t € S such that (s,t) € R. Hence M, s ¥ OP.
A contradiction follows since M, s IF OP, and thus the formula
OP — OP is valid under F.

Assume that the frame F = (S, R) is weakly dence and that the
formula OOP — OP is not valid under F. Then there is a model
M = (S, R,v) based on F and a world s € S such that M, s ¥
0OOP — OP holds. Hence M, s IF OOP and M, s ¥ OP. From
M, s ¥ OP it follows that there is a world ¢ € S such that (s, t) €
R and Mt ¥ P. The frame F is weakly dence by assumption,
and thus there is a u € S such that (s,u) € R and (u,t) € R.
Since (u,t) € R and M,t ¥ P, it follows that M,u ¥ OP.
Now (s,u) € R and M,u ¥ OP, so M,s ¥ OOP must hold.
A contradiction follows since M, s IF OOP, and thus the formula
0dP — OP is valid under F.

-~ =

P—(Q—P)
D(P—>(QHP))

[Tautology]
[N, 1]

(OP - 0(Q — P)) [K]

oP —0(Q — P) [MP, 2, 3]
1. 0P — Q) (GP)
2. (P->Q)— (-Q— —P) [Tautology]
3. O((P—Q) — (-Q — —P)) N, 2]
4. O((P - Q) — (-Q — —=P)) —

(D P—-Q)— 0 Q—>ﬁP)) K]
5. OP — Q) — 0(-Q — —P) IMP, 3, 4]
6. O(-Q — —P) [MP, 1, 5]
7. O(=Q — =P) — (0-Q — O0-P) [K]
8. D‘\Q — D‘\P [1\/“3 67 7}
1. P—-qQ [GP]
2. -Q—P [GP]
5. (P—Q) — ((-Q—P)—Q) [Tautology]
4 (~Q—P)—Q [MP, 1, 3]
5Q IMP, 2, 4]
6. 0Q [N, 5]
7. =QVS [LP]
8 (mQVS)—=(Q—S9) [Tautology]
9. Q-5 IMP, 7, §]
10. S [MP, 5, 9]
11. 0Q — (S—0QAS) [Tautology]
12. S—0OQAS [MP, 6, 11]
13. OQAS [MP, 10, 12]
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2. 0O(Q— —P) N, 1] Solutions
3. D(Q — ﬁP) — (DQ — DﬁP) [K}
4. 0Q —0-P [MP, 2, 3]
5. 0Q — 0OQ [GP] 1. a)
6. (0Q —0Q) — L (H)=(0P - 0(Q — P))
((0Q — 0-P) — (¢Q — 0O-P))  [Tautology] 2. (1)OP (1)
7. (0Q — O-P) — (0Q — O-P) [MP, 5, 6] 3. ()-0(Q — P) (1)
8. ©Q —O-P IMP, 4, 7] 4. (1,2)-(Q — P) (3)
9. (=0-Q — O-P) — (-0-P — 0=Q) [Tautology] 5. (1,2)Q (4)
10. -0-P — 0-Q [MP, 8, 9] 6. (1,2)-P (4)
1. oP [LP] 7. (1,2) (2)
12. 0-Q [MP, 10, 11] ®
b)
L ()~(B(P — Q) = (-O0-P — ~0-Q))
2. (Ho(P - Q) (1)
3. <1>‘\(‘\D‘|P~> ﬁDﬁQ) (1)
4. (1>—\D—\P (3)
5. (1)==8-Q (3)
6. (Ho-Q (5)
7. (1,2)--P (4)
8. (1,2)P (7)
0. (1,2)-Q (6)
10. (1,2)P —Q (2)
11. (1,2)-P (10)|12. (1,2)Q (10)
& ®
c)
L ()=((OPADQ) — O(PAQ))
2. (1)OPADOQ (1)
3. (H)-O(PAQ) (1)
4. (1yaopr (2)
5. {(1)0Q )
6. (L2)=(PAQ) (3)
7. (1,2)P (4)
5. (1.2)Q (5)
9. (1,2)~P (6)]10. (1,2)-Q (6)
® ®
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(1)
(1)
)mA (2; © stands for —O-)
(4)
0. 3)
Not K-valid. (1,2) A

© 0 NS o W
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The formula is K-valid.

)=((00A — 04) — O(DA — A))
YOOA — OA

y-0(0A4 — A)

,2) (EIA — A)

NS Gk W=

e e L T
00 N W= = W =
oI DD —

©

10.
Not K-valid.

[l I

= e

00A — OA, -0(0A — A)

Not K-valid.

(1)
<172> / \
(1,3,4)
-A
W=((OP - Q) - 0@~ R) » ~0(P - R))
1HoP - Q)—0(Q— R) 1)
(1)=-0(P — R) 1
<1>D P — R) (3)
1)-0P - Q) 2) |6 HB@—-R) (2)
(L2)~(P = Q) (5)
(1,2)P (7)
(1,2)-@Q (7)
(1,2)P - R (4)
<1 2)-P (10) | 12. (1,2)R (10)
OP — Q) —0(Q — R),~—O(P — R)
(1)
<1 2)
P.-Q,R
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(reflexivity)
(reflexivity)
(transitivity)
(reflexivity)
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1. 1 -(000OP — OP)
(1)-0(B(BP A Q) — ©OOO(PV Q) 2. 1-(000P —0P) (1)
(1,2)=(B(OP A Q) — ©O0O(PVQ)) (1) 3. 1000P (2)
(1,2)B(OPAQ) (2) 4. 1-0OP (2)
(1,2)-0000(PV Q) (2 5 24P (4)
(LHOPAQ (3) (symmetricity) 6. 200P (3)
(mar (%) 7. 30P (6)
He ®) 8. 2P (7)
(1)-O00O(P V Q) (4) (symmetricity) ®
(L3 -Co(PVQ) ® 2. Systematic K-tableau:
(1)-C(PVQ) (9) (symmetricity) - Dystematic R-tableau:
g gi (PVQ) 8(1)3 1. (1)~(OP — ©OP)
2. (1)OP 1
3 ) g e a
(1,3)P (6) 4. (1,2)P (2)
® 5. (1,2)-0P (3)
6. (1)=oOP (3)
7. (1,2,3)-P (5)
1)~ <DP — o((P - 0Q) Q)) Not K-valid. (1) —~(1,2) (1,2,3)
nop (1) P -P
1D=o((P—0Q) — Q) (1)
172;P((P ) Q) EQ; (serial) Systematic K4-tableau
1,2 - — 0O — 3
1,2§PQ—> 0Q Esg ; ERS(I?P — OOP) "
1,2)- 5 :
1,2)-P (6)]9. (1,2)0Q (6) i- <}>;<;DP (;)
® 10. (1,2,3)Q (9) (serial) : <172> o (3)
11 (1,2,3)=((P — 0Q) — Q) (3) (transitivity) > <17 ><;DP (3)
12. (1,2,3)P — 0Q (11) > §1>; o 553
15 gﬂ’?’)ﬁ@ () 8. (1,2,3)-0P (6) (transitivity)
9. (1)-o0OP (6)
10. (1,2,3,4)-P (8)
11. (1,2,3,4)-0P (9) (transitivity)
12. (1)-oOP (9)
13. (1,2,3,4,5)~P (11)
14. (1,2,3,4,5)-0P  (12) (transitivity)
15. (1)-o0OP (12)

11 12



We cannot obtain a complete tableau since an infinite branch is genera-
ted into the systematic K4-tableau. Since this infinite branch is open,
it follows that the formula OGP — $OP is not K4-valid.

Notice that the formulas =P and —OP appear repeatedly in the pre-
fices (1,2,3), (1,2,3,4), and (1,2,3,4,5). Therefore exactly the same
formulas hold in the worlds corresponding to these prefices in a coun-
termodel. We attempt to construct a finite countermodel by seeing all
such worlds as one. We will then check whether the model that follows
is really a countermodel for the claim that the formula given in the
exercise is K4-valid. When we at the same time assure that the model
is based on a transitive frame, we end up with the model

(1) — (1,2) (1,2,3)
P -P

The formula P is true in world (1), but GOP is not. Therefore this
model is a countermodel for the claim that the formula given in the
exercise is K4-valid.

L (1)=((0P — OOP) A=P)
2. (1)=(OP = OOP) (1) [3. (1)==P (1)
6. (1)OP (2 |4 QP (3)
7. (1)=00P 2) |5 (1)-=P (LP)
8. (1,2)P (6) ®
9. (1,2)-COP (7)
10. (1,2)0-P — =P  (GP)
11. (1,2)-0-P (10) | 12. (1,2)=P (10)
13. (1,2,3)==P (11) ®
14. (1,2,3)P (12)
15. (1,2,3)=P (9)
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